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Parametric Response of Crooked Thin-Walled Columns

StaNLEY G. EBNER*
U. 8. A4r Force Academy, Colo.

AND

MarTIN L. Moopyt
Unaversity of Colorado, Denver, Colo.

The nonlinear partial differential equations of a thin-walled open cross section column
which is not straight in the initial unstressed state are developed. The column is loaded by a
harmonic longitudinal load, and is simply supported. Variables are separated by assuming
the spatial mode to be identical to the fundamental buckling mode. Geometric nonlinearities
provide coupling in the case of columns with doubly symmetric cross sections which is not
predicted by linear theory. The two bending modes are coupled by the twisting mode. The
stability analysis can be performed by considering only the Mathieu terms of the three equa-
tions, and the unstable region can be minimized when the parameters are adjusted so that
the Mathieu terms for the three equations are identical. However, for this case, it is shown
that virtually the entire region is unstable. This paradox is attributed to the assumption of
zero damping and confirmed by solutions with linear viscous damping included. Analog
computer solutions demonstrate the importance of considering geometric nonlinearities.

Nomenclature

A,B,C = initial unstressed displacement functions (crook-
edness)

As = cross-sectional area

a,b = initial dimensionless lateral displacements at the
midpoint of the column in unstressed state

Cw = warping coefficient

c = initjal angular displacement at the midpoint of
the column in unstressed state

E = modulus of elasticity

G = shearing modulus of elasticity

1,1, = principal moments of inertia of the cross section

I* = dimensionless ratio of principal moments of
inertia, I./I,

I* = dimensionless torsional stiffness,
(GAJ L2/n2El Jo) + (Cuds/1,J0)

Jo = 8t Venant’s torsional constant

Jo = polar moment of inertia with respect to origin

L = length of column

M;M;,M; = moments about the %, 7,  axes

m = mass per unit length of the column

P = axial time dependent load

P, = axial static load

P, = axial dynamic overload

P* = dimensionless axial load, PL?/x2EI,

Tz,Ty = radii of gyration of the cross section with respect
to z and y axes

T = dimensionless time, 6¢

¢ = time

uY = bending deformations from the initially straight
configuration .

X,Y = temporal mode displacement amplitudes as
functions of T

2,9,2 = orthogonal axes fixed at the end of the column

%,9,8 = orthogonal principal axes positioned in the section
a distance z from the end of the column

@ = frequency parameter, /(2w (1 — Po*)2/2]

B = loading parameter, Pi*/{2(1 — Py*)]

] = frequency of excitation in radians per sec

& = temporal mode angular displacement amplitude

as a function of T'
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total angular displacement about the z axis from the un-

¢ =
twisted configuration
wy = fundamental frequency of vibration »2(EI,)Y2/L*m/2
Q = ratio of the driving frequency to the natural frequency

of the unloaded column, 6/w;

Introduction

HERE exists a continuing interest in parametric oscilla-

tions. This type of structural vibrations occur in many
places including supports for rotating machinery, aircraft
structures and certain rotating satellites. Ordinary resonance
occurs when the frequency of the exciting force is equal to one
of the natural frequencies of the physical system. Parametric
resonance associated with a particular vibrational mode can
oceur when the driving frequency is higher than or lower than
the natural frequency corresponding to that mode. A com-
prehensive review of the subject of parametric response of
structures is given by Evan-Iwanowski,® and the book by
Bolotin® is a classic work on the parametric stability of elastic
systems. Many investigators have considered the in-plane
vibration of columns under parametric loading and have con-
sidered longitudinal inertia effects, initially curved but un-
stressed shapes, and nonlinear effects of damping and elastic-
ity (large deflections). These investigations include stability
analyses as well as expressions for approximate steady-state
amplitudes. However, only limited investigations exist for
three-dimensional parametric column vibrations which is the
concern of this paper.

The linear equations for coupled vibrations of thin-walled
columns of open cross sections are due to Vlasov!! and Gere.®
From these equations it is shown that the transverse vibra-
tions in two perpendicular planes and the torsional vibrations
are dynamically coupled if the section is asymmetrical. For
the case of a doubly symmetric cross section these equations
show that coupling of the twisting and bending motion does
not exist. Bolotin discusses the three linear differential
equations representing parametric vibrations of thin-walled
columns and derives equations for the primary regions of in-
stability subjeet to certain simplifying assumptions. The
purpose herein is to show that geometric nonlinearities as-
sociated with small deflection theory can cause significant
coupling of the bending and twisting motion in the case of a
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Fig. 1 Beam segment and coordinate systems.

column with a doubly symmetric cross section. The investi-
gation consists of obtaining the dynamie response of uniform
slender elastic columns of thin-walled open cross sections sub-
jected to an axial static load plus a harmonic overload.
Columns with initial unstressed crookedness (nonstraight and
initial twist) and with low torsional stiffness are considered.

Equations of Motion

Thin-walled structural columns are bodies which have the
form of long prismatic shells. These members are distin-
guished by the fact that their three dimensions are all of a
different order of magnitude. For the structural elements
considered herein it is assumed that the dimensions of the
cross section are small, when compared to the length of the
column, but are large when compared to the thickness of the
walls of the column. If an axial force is applied to a thin-
walled column of open cross section, vibrations accompanied
by bending in two planes together with twisting may occur.
Figure 1 shows a thin-walled column segment with an open
cross section subjected to an axial load P. The orthogonal
axes z, y, and z are fixed at one end of the column and posi-
tioned in such a manner that the longitudinal axis, z, passes
through the centroid of the doubly symmetric cross section,
and z and y are the principal axes of the cross section. A
“second system of axes, Z, 7, and Z, is positioned at a distance
z from the end of the column and is fixed to the cross section
so that # and § are its principal axes. Thus, the Z, g, Z axes
translate laterally the distance v and v as shown and rotate
with the plane of the cross section. The rotations are dv/0z,
du/dz and ¢ respectively about the axes Z, 7, and z. Internal
bending moments and the twisting moment due to the axial
load P are

Mz =Plue —v), My= P+ ve)
Mz = P(udv/dz — vdu/dz)

The moment curvature equations and the nonuniform torsion
equation!! written for the case of an initially erooked column
are

M

EI0¥u — A)/022 = — My (2a)
EI.0*v — B)/02* = M (2b)

ECR%e — ()/023 — GJ0(¢ — C)/0z +
(P/A)JRp/0z = Mz (2¢)

in which 4, B, and C are functions which define the initial
crookedness of the column. Equations (2a) and (2b) are con-
verted to equations of motion by differentiating twice with re-
spect to z and adding the inertia forces. For a doubly sym-
metric column of constant cross section this results in the
following:

EI, 0%u — A)/0zt 4 02M35/02? = —mdu/dtr  (3a)
EI, 9%(v — B)/z* — 0:M /o2t = — md/ot? (3b)
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In a similar fashion Eq. (2¢) is converted to an equation of
torsional motion by differentiating once and adding the tor-
sional inertia term resulting in

o — O) 0¥y — O)
BCo =" 1= = Gl = +
PIOY My _ _mhde
A4, dz? 2. A, o

Substituting Eq. (1) into Egs. (3) and (4) gives a set of
partial differential equations which governs the motion of a
column subjected to an axial loading only. These equations
reveal the existence of nonlinear terms of two general types.
First are the products of a derivative of a slope and a displace-
ment; the second consists of the products of slopes which are
sometimes neglected. The retention of these terms results in
a decrease in coupling of the twisting and bending modes, and
vet this coupling is shown to cause some possible destabilizing
effects. The resulting equations are:

=)y [ Py ]
BL, Ozt +P I:bz2 T oz? e 0z? +
o Ao 0%
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Fig. 2 Unstable regions for coupled Mathieu equations.
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Simply Supported Column

The case of a column simply supported at both ends and
loaded axially is considered. The boundary conditions are

u(0) = v(0) = ¢(0) = u(l) = o(L) = ¢(L) =0

(6)
ou(0)  oW(0)  Q%(0) _ o2u(L) _
22 o2 d2r Oz
ow(L)  o%p(L) 0
222

An approximate solution of Eqs. (§) is investigated which
utilizes product forms of the temporal modes and funda-
mental spatial modes as follows:

w = 1,X sinwz/L, v = r,Y sinwe/L, o
¢ = ®ginmz/L

An exact analysis would include the contributions of all
spatial modes. However, the problem treated herein con-
siders only the fundamental modes for bending and twisting
deformations to remain consistent with investigations of in-
plane bending. Nearly all investigations for in-plane bending
have disregarded spatial modes higher than the fundamental
mode, and Bolotin! states that if the longitudinal force does
not greatly exceed the Euler buckling load, the elastic curve
differs only slightly from the first spatial mode of the linear
problem. Experimental results®1® seem to substantiate the
above statement. Similarly, the initial crookedness can be
expressed as

A = r.a sinwz/L, ‘B = r,b sinwe/L, C = ¢sinwe/L (8)

The initial imperfections in the column are, in general,
arbitrary curves which may be defined by Fourier sine series.
However, for this investigation the first terms of the sine
series are assumed to be adequate to define the crookedness.
Substitution of Egs. (7) and (8) into Egs. (5) and replacing
sin?rz/L and cos?wz/L by the first term of their respective
Fourier series results in the following set of coupled ordinary
differential equations

/o)X + (1 — PHX — 8P*/3m)(1,*)12Y® = a
/e ¥ + (I* — PHY + 8P*/3m)(I1*) 12X 3 = I*h (9)
1/2)® + (I* — PH® = L%

in which the dots refer to differentiation with respect to time
t. Solutions are obtained on an analog computer (EAT TR~
48) and include amplitude time responses, location of the un-
stable regions, and midpoint displacement traces.

Solutions

Thin-walled members with doubly symmetric cross sections
are in common use as structural columns. The I-beam is a
typical example. Bolotin has derived equations which define
approximate boundaries for the three principal regions of in-
stability for the case of a straight column with an unsym-
metrical cross section using linear analysis. Herein, the
problem of a slightly crooked and twisted column is investi-
gated, and the effect of previously disregarded geometric non-
linearities is shown to be important under certain conditions.
The column supports a constant load and is subjected to a
harmonic overload. The combined load acts along a line
through the centroids of the end cross sections and is given by

P = Py + P, sinbt (10)
Substituting Eq. (10) into Egs. (9) and substituting new
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Fig. 3 Response curves for coupled and uncoupled condi-
tions; a = 0.25, b = 0.177, ¢ = 0.04, Py* = 0.4.
forms of the parameters results in Mathieu type equations

2@
3ral

X + —1—2 [i — 28 sinT)X
4o

___—_—.—a
Lo2(1 — Po%

” * __ * *) —1/2
Y 4+ iz-[ﬁ—P”— ~ 28 sinT]Y PO N (11)

~_R’_*_+2‘6 inT VP =
1= P sin =

1 - Po* 3ra?
Py . I*b
[ T —p + 2B smT]ch ~ P
” 1 12* —_ PO* . Iz*c
e+ 4a2[ 1 =P 2P SmT:I ® = il = PR

in which the primes refer to differentiation with respect to T'.
The nonlinear terms in the above equations show that the
twisting motion affects the bending vibrations, but the re-
verse is not true. This is due to the choice of boundary condi-
tions. This coupling does not appear in previous works which
treat the problem as three distinet motions defined by three
uncoupled Mathieu equations.

Consider the solution of Egs. (11) for a column with a
principal bending stiffness ratio of two. The specified values
of the parameters are

Ii* =2 I,* =16, Py*
a =023 b=0177, ¢

which indicates a low relative torsional stiffness, I,*. In order
to determine the effects of the nonlinear coupling, the un-
coupled set of equations (obtained by omitting the nonlinear
terms) are considered. The left hand side of each of these
equations is the well known Mathieu equation. A solution is
defined as stable if the amplitudes of the solution are bounded.
It should be noted that the stability regions are unaffected by
the nonzero right side of these equations. The solutions of the
Mathjeu equation can be described as oscillatory, and depend
on the values of @ and 8. Generally, solutions of the Mathieu

0.4,

0.04 (12)

i

[}
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Fig. 4 Unstable regions for Mathieu equation.

equation are inconvenient to find, but it is shown in the litera-
ture that regions in the a-8 plane in which the amplitudes
are unbounded are separated from the regions of bounded
" solutions by lines on which periodic solutions of periods 2w
and 4w exist. Thus the conditions under which the Mathieu
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Fig. 5 Response curves for coupled and uncoupled condi-
tions; a = b = 0.25, ¢ = 0.04, P;* = 0.4.
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equations has periodic solutions of period 2 or 4, yield equa-
tions which define the boundaries of the unstable regions.
This problem has been well documented?$2® and the first
and second unstable regions corresponding to the linear un-
coupled equations are shown in Fig, 2.

The unstable regions corresponding to the nonlinear equa-
tions, Eqgs. (11), are located using an analog computer tech-
nique developed by the authors.2 The results indicate that
the location of each unstable region is virtually the same as
the uncoupled case. Moreover, the computer solutions show
that there is only a slight change in the stable oscillations due
to the nonlinear effects. A typical example is shown in Fig. 3.
The conclusion is that for the set of parameters given in Egs.
(12) the geometric nonlinearities can be neglected, and the
unstable regions can be obtained from the uncoupled Mathieu
equations. However, the designer must be cautioned not to
conclude that for all cases, the coupling terms and hence the
geometric nonlinearities are insignificant. This will be evi-
dent from the discussion which follows.

It is logical to attempt to minimize the unstable region in
the a-B plane by adjusting the parameters of the column to
make the three uncoupled equations identical. This can be
accomplished by setting I;* = I,* = 1 (See Fig. 4). But, in
this case, the computer solutions of Eqgs. (11) indicate that
virtually every point in the «-8 plane is unstable.

Typically, it can be seen in Fig. 5 that the coupled ampli-
tudes increase with time and, therefore, by our previous
definition are unstable. Such a result is difficult to accept and
when one reconsiders the assumptions used in the derivation
of the equations, the lack of damping is identified as the cause.
Indeed, when linear viscous damping is introduced, the ampli-

tudes of the bending modes remain bounded and the unstable

regions corresponding to the uncoupled set of equations ap-
pear in the -0 plane as shown in Fig. 4. In a similar manner,
Kovalenko” in 1950 explained the paradox of instability for

Y
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arbitrarily small values of the loading parameter 8. See
Fig. 4 for the first three unstable regions for the Mathieu equa-
tion. The initial conditions shown in Fig. 5 can be obtained

by solving Egs. (11) simultaneously after setting X = ¥ = 0.

The most descriptive way of showing the significance of
the geometric nonlinearities (coupling effects) is to plot the
amplitude of one bending mode vs the amplitude of the other
bending mode. Such a presentation is called a midpoint dis-
placement trace and represents the displacement of the
centroid of the midpoint of the column as seen by an ob-
server stationed directly above the column. "In Fig. 6 7 is the
initial position vector to the centroid of the column at mid-
span in the XY plane and defines the initial crookedness of
the column. To illustrate, 7, and r, are taken as unity and the
position vector at any time is defined by

F=Xi+ Yj (13)

Figures 7 and 8 are typical midpoint displacement traces.
The effects of coupling are clearly evident and are seen to be
significant. It should be noted that the linear analysis pre-
dicts bending motion in a single plane for the case of I,* =
I.* = 1, as is shown.

Conclusion

A thin-walled column is characterized by the fact that each
of its three dimensions is of a different order of magnitude.
Thus the dimensions of the cross section are small when com-
pared to the length of the column but large when compared
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to the thickness of the walls of the column: The nonlinear -
equations describing the motion of thin-walled initially
crooked columns subjected to a longitudinal harmonic load
were developed, and geometric nonlinearities result in the
coupling of the two transverse bending modes of those
columns with doubly symmetric cross sections. The coupling
is provided by the twisting motion and is not predicted by the

- linear theory used by previous investigators. It is found that

the boundaries of the unstable regions are not significantly
affected by the nonlinear terms and the unstable boundaries "
can be obtained using only the Mathieu terms of the three
equations. For the case where the bending stiffnesses and
torsional stiffness are equal the geometric nonlinearities sig-
nificantly affect the response of the column and should be in-
cluded in the analysis. However, the coupling effect soon .
becomes minor as the relative stiffnesses diverge. §
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